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Various Quantum Technologies

Main technological challenges: 
 - size of the memory (#qubits) 
 - quality of the qubits.

2002:           5 qubits  

2008:         10 qubits  

2015:         16 qubits  

2018:         49 qubits 

2020:         72 qubits 

2025:   ~1000 qubits
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evidence of a 

Noisy Intermediate-Scale Quantum (NISQ) devices



Towards Fault-Tolerant QC

• Quantum error correcting codes 

• Threshold Theorem: correcting errors faster than they are created.

Physics: improve quality of  
the quantum memory 

CS: develop codes 
with smaller threshold
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Error correcting codes



Outline

Challenges in Quantum computing  

Postulates i.e. standard quantum computational model.  

1st Quantum Algorithm 

Reasoning on Quantum Circuits 

Grover 



Quantum Computing  Quantum states

• Classical bit: b ∈ {0, 1}

• Quantum bit (qubit): Φ ∈ C2,

Φ = α |0⟩+ β |1⟩

with |α|2 + |β|2 = 1

Φ1

0

Examples:
|0⟩

1√
2
(|0⟩+ i |1⟩)
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Register of qubits

Definition. The state of a n-qubit register is a unit vector of C2n .

Φ =
∑

x∈{0,1}n

αx |x⟩ with ||Φ||2 =
∑

x∈{0,1}n

|αx|2 = 1

Examples:
1√
2
(|00⟩ − |01⟩)

1√
2
(|00⟩+ |11⟩)

1√
3
(|001⟩+ |010⟩+ |100⟩)
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Postulate 2: composed system

Definition. Let Φ1 be a n-qubit state and Φ2 be a m-qubit state, the
(n+m)-qubit state of the composed system is

Φ = Φ1 ⊗Φ2

where ·⊗ · is bilinear and ∀x ∈ {0, 1}n, ∀y ∈ {0, 1}m, |x⟩ ⊗ |y⟩ = |xy⟩.

Examples:

1 |0⟩ ⊗ |0⟩−|1⟩√
2

= |0⟩⊗|0⟩−|0⟩⊗|1⟩√
2

= |00⟩−|01⟩√
2

2
|01⟩+|11⟩√

2
= ?⊗ ?

3

|00⟩+|11⟩√
2

= ?⊗ ?
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Postulate 2: composed system

Definition. Let Φ1 be a n-qubit state and Φ2 be a m-qubit state, the
(n+m)-qubit state of the composed system is

Φ = Φ1 ⊗Φ2

where ·⊗ · is bilinear and ∀x ∈ {0, 1}n, ∀y ∈ {0, 1}m, |x⟩ ⊗ |y⟩ = |xy⟩.
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1 |0⟩ ⊗ |0⟩−|1⟩√
2

= |0⟩⊗|0⟩−|0⟩⊗|1⟩√
2

= |00⟩−|01⟩√
2

2
|01⟩+|11⟩√

2
= |0⟩+|1⟩√

2
⊗ |1⟩

3

|00⟩+|11⟩√
2

= (a |0⟩+ b |1⟩)⊗ (c |0⟩+ d |1⟩)
= ac |00⟩+ ad |01⟩+ bc |10⟩+ bd |11⟩

=⇒ ad = 0 =⇒ ac = 0 ou bd = 0 impossible
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Representing Entanglement

|00⟩ + |11⟩

2

|000⟩ + |111⟩

2
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Representing Entanglement with Graph states

G ↦ |G⟩Def. Graph states:

- compact representation 

- Local complementation preserves entanglement: 

a
b

c

d
e

a
b

c

d
e

G G ⋆ a

THM1. Two graphs represent the same entanglement iff the can be 
transformed into each other by means of generalised local complementation 

1 N. Claudet, S. Perdrix, QIP25, ICALP’25 

~

same entanglement 

- representation of entanglement is not unique
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Measurement

|0⟩ with classical outcome 0

α |0⟩+ β |1⟩
|α|

2
✲

|β|2 ✲ |1⟩ with classical outcome 1

Measurement is probabilistic and irreversible.

Measure =⇒ Interaction =⇒ Transformation
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Measurement based quantum computation

MBQC [Briegel, Raussendorf 2001] Universal model of Quantum computing. 
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Measurement

|0⟩ with classical outcome 0

α |0⟩+ β |1⟩
|α|

2
✲

|β|2 ✲ |1⟩ with classical outcome 1

Measurement is probabilistic and irreversible.

Measure =⇒ Interaction =⇒ Transformation
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Closed Systems: a Unitary Evolution

Definition. An isolated system evolves

• linearly i.e., U(αΦ+ βΨ) = αU(Φ) + βU(Ψ)

• preserving the normalisation condition i.e., ||U(Φ)|| = ||Φ||

Example:

H : |0⟩ "→ |0⟩+|1⟩√
2

|1⟩ "→ |0⟩−|1⟩√
2

H(H(|0⟩)) =
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2

)
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Closed Systems: a Unitary Evolution

Definition. An isolated system evolves

• linearly i.e., U(αΦ+ βΨ) = αU(Φ) + βU(Ψ)

• preserving the normalisation condition i.e., ||U(Φ)|| = ||Φ||

Example:

H : |0⟩ "→ |0⟩+|1⟩√
2

|1⟩ "→ |0⟩−|1⟩√
2

H(H(|0⟩)) = H
(

|0⟩+|1⟩√
2

)

= H(|0⟩)+H(|1⟩)√
2

= |0⟩+|1⟩+|0⟩−|1⟩
2 = |0⟩

H(H(|1⟩)) = H
(

|0⟩−|1⟩√
2

)

= H(|0⟩)−H(|1⟩)√
2

= |0⟩+|1⟩−|0⟩+|1⟩
2 = |1⟩
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Closed Systems: a Unitary Evolution

Definition. An isolated system evolves

• linearly i.e., U(αΦ+ βΨ) = αU(Φ) + βU(Ψ)

• preserving the normalisation condition i.e., ||U(Φ)|| = ||Φ||

Example:

H : |0⟩ "→ |0⟩+|1⟩√
2

|1⟩ "→ |0⟩−|1⟩√
2

H(H(|0⟩)) =

∀x ∈ {0,1}, H |x⟩ =
|0⟩ + (−1)x |1⟩

2
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Closed Systems: a Unitary Evolution

Definition. An isolated system evolves

• linearly i.e., U(αΦ+ βΨ) = αU(Φ) + βU(Ψ)

• preserving the normalisation condition i.e., ||U(Φ)|| = ||Φ||

Example:

H : |0⟩ "→ |0⟩+|1⟩√
2

|1⟩ "→ |0⟩−|1⟩√
2

H(H(|0⟩)) =

∀x ∈ {0,1}, H |x⟩ =
|0⟩ + (−1)x |1⟩

2
=

1

2 ∑
y∈{0,1}

(−1)xy |y⟩
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Closed Systems: a Unitary Evolution

Definition. An isolated system evolves

• linearly i.e., U(αΦ+ βΨ) = αU(Φ) + βU(Ψ)

• preserving the normalisation condition i.e., ||U(Φ)|| = ||Φ||

Example:

H : |0⟩ "→ |0⟩+|1⟩√
2

|1⟩ "→ |0⟩−|1⟩√
2

H(H(|0⟩)) = ∀x ∈ {0,1}n, Hn |x⟩ =
1

2n ∑
y∈{0,1}n

(−1)x∙y |y⟩

x ∙ y =
n

∑
i=1

xiyi mod 2with

∀x ∈ {0,1}, H |x⟩ =
|0⟩ + (−1)x |1⟩

2
=

1

2 ∑
y∈{0,1}

(−1)xy |y⟩

H H H…
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Challenges in Quantum computing  

Postulates 

1st Quantum Algorithm: Detecting fake coins with a quantum scale  

Reasoning on Quantum Circuits 

Grover 
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Mathematical modelling

↔ 0 1 0 0 1 0

A subset of n coins ↔ a binary word of size n

Let  be the set of fake coinsa ∈ {0,1}n

A weighing is described by a function  which associates 
with every subset  of coins, the parity  of fake coins in . 

fa : {0,1}n → {0,1}
x fa(x) x

fa(x) =
n

∑
i=1

xiai mod 2 = x ∙ a
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How to (classically) identify the fake coins among n?

• Greedy algorithm:  
    -> Weighing coins one by one: n Weighings 

• Better algorithm? 

No, the greedy algorithm is optimal

Intuition:
• Need (at least) n bits to describe the solution (because 2n possible answers). 
• Each weighing gives a single bit of information (".0" or ".5") 
• So at least n weighings are necessary
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Classical circuit Quantum circuit

|0⟩ ↦ |0⟩
|1⟩ ↦ eiφ |1⟩

|0⟩ ↦
|1⟩ ↦

|0⟩ + |1⟩

2
|0⟩ − |1⟩

2

|00⟩ ↦ |00⟩
|01⟩ ↦ |01⟩
|10⟩ ↦ |11⟩
|11⟩ ↦ |10⟩

Universality: Any unitary transformation acting on a finite number of qubits can 
be approximated with arbitrary precision by a quantum circuit which gates are: 

( π
4 )

T gate
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Is it fair to compare classical and quantum scales?
circuits

Classical circuit Quantum circuit

Quantum extensions of a boolean function : f : {0,1}n → {0,1}

Uf|x⟩ (−1) f(x) |x⟩

THM: if a boolean function  can be implemented by a boolean 
circuit of size  then  can be implemented by a quantum circuit of size .

f : {0,1}n → {0,1}
s Uf O(s)

YES!
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Challenges in Quantum computing  

Postulates 

1st Quantum Algorithm 

Reasoning on Quantum Circuits 

Grover 
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Quantum Circuits

Quantum Circuits

D. Deutsch. Quantum computational networks. Proceedings of the Royal Society of London, A425:73–90, 1989.
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Quantum Circuits

(wikipedia)

Quantum subroutine in Shor's algorithm (wikipedia)

D. Deutsch. Quantum computational networks. Proceedings of the Royal Society of London, A425:73–90, 1989.
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Modern Quantum Programming Languages

Quipper, Qiskit, … 

Quipper :

cf Benoit’s talks
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Quipper :
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• Resource optimisation (#gates, #T, #CNot…) 
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• Fault-tolerant Quantum Computing 
• Verification, circuit equivalence testing.  

=> Circuit Transformation 
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Quantum Circuits
Ubiquitous intermediate language for: 

• Resource optimisation (#gates, #T, #CNot…) 
• Hardware-constraint satisfaction (primitives, topological constraints, …) 
• Fault-tolerant Quantum Computing 
• Verification, circuit equivalence testing.  

=> Circuit Transformation 

Is this equational theory complete1? 
  

1. if two circuits represent the same unitary, one can be transformed into the other using the equational theory, 
    i.e, all true equations can be derived. 

Equational theory, e.g.: 
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Completeness
Complete equational theories for non-universal and classically simulatable fragments: 
• 2-qubit circuits (Clifford+T) [Bian,Selinger’14] 

⋮
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Completeness
Complete equational theories for non-universal and classically simulatable fragments: 
• 2-qubit circuits (Clifford+T) [Bian,Selinger’14] 
• Stabilizer [Ranchin,Coecke’18], CNot-dihedral (CNot+X+T) [Amy,Chen,Ross’21].

Theorem [1,2,3]. First complete equational theory for quantum circuits. 

1. Clément, Heurtel, Mansfield, Perdrix, Valiron. LICS’23 
2. Clément, Delorme, Perdrix, Vilmart. CSL’24 
3. Clément, Delorme, Perdrix, LICS’24

Proposition. This complete equational theory is minimal. 
…



The LOV-calculus1 is a formal graphical language for linear optical QC.

-> For this talk restriction to the polarisation-preserving single-photon case.



The LOV-calculus
wave plate phase shifter beam splitter

polarising beam splitter

detector

-> For this talk restriction to beam splitters and phase shifters:

1. A. Clément, N. Heurtel, S. Mansfield, S. Perdrix, B. Valiron. LOv-Calculus: A Graphical Language for Linear 
Optical Quantum Circuits. MFCS'22.
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Theorem (Completeness) [Clément,Heurtel,Mansfield,Perdrix,Valiron MFCS’22] 

The following equational theory is complete, i.e. if  then [[C1]] = [[C2]] LOv ⊢ C1 = C2



Completeness
Theorem (Completeness) [Clément,Heurtel,Mansfield,Perdrix,Valiron MFCS’22] 

The following equational theory is complete, i.e. if  then [[C1]] = [[C2]] LOv ⊢ C1 = C2

- Implemented in Perceval

- Complete for Optical circuits
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Completeness for Quantum Circuits

Parallel composition means: 
 - tensor product for Quantum Circuits  
 - direct sum for Optical Circuits
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Completeness for Quantum Circuits

Quantum 
Circuits

Optical 
Circuits

E

D

Quantum 
Circuits

Optical 
Circuits

E Parallel composition means: 
 - tensor product for Quantum Circuits  
 - direct sum for Optical Circuits

1. Clément, Heurtel, Mansfield, Perdrix, Valiron. LICS’23 
2. Clément, Delorme, Perdrix, Vilmart. CSL’24 
3. Clément, Delorme, Perdrix, LICS’24
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